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Abstract. In this paper, we study the matrix multiplication operators on Banach
function spaces and discuss their applications in semigroups for solving the abstract
Cauchy problem.
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1. Introduction
Let (Ω,Σ,µ) be a σ -finite complete measure space and C be the field of complex num-
bers. By L(µ ,CN), we denote the linear space of all equivalence classes of CN-valued
Σ-measurable functions on Ω that are identified µ-a.e. and are considered as column vec-
tors.
Let M◦ denote the linear space of all functions in L(µ ,CN) that are finite a.e. With the
topology of convergence in measure on the sets of finite measure, it is a metrizable space.
The CN-valued Banach function space X is defined as
X = { f ∈ L(µ ,CN): ‖ f‖X < ∞},
where ‖.‖X is a function norm on X such that for each f ,g, fn ∈ L(µ ,CN), n ∈N, we have
(i) 0 ≤ ‖ f (x)‖CN ≤ ‖g(x)‖CN for µ-a.e. x ∈ Ω⇒ ‖ f‖X ≤ ‖g‖X ,
(ii) 0 ≤ ( fn)i ր ( f )i µ-a.e. for each i = 1,2, . . . ,N ⇒‖ fn‖X ր‖ f‖X , and
(iii) E ∈ Σ with µ(E)< ∞ implies that 1E .z ∈ X , for each z ∈ CN , and∫
E
‖ f (x)‖CN dµ(x)≤CE‖ f‖X ,
for some constant 0 < CE < ∞, depending on E but independent of f , where 1E is
the characteristic function of the set E .
DEFINITION 1.
A function f in a Banach function space X is said to have absolutely continuous norm
in X if ‖ f 1En‖X → 0 for every sequence {En}∞n=1 of µ-measurable sets in Ω satisfying
En → /0, µ-a.e., where En → /0 means that 1En → 0, µ-a.e.
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Let Xa be the set of all functions in X having absolutely continuous norm. If Xa = X ,
then we say that X has absolutely continuous norm.
Let Xb be the closure of the set of all µ-simple functions in X . Then, we have
Xa ⊆ Xb ⊆ X .
Throughout this paper, we assume that X = Xb, that is, the simple functions are dense in
X . In case X has absolutely continuous norm, we have Xa = Xb = X and so its Banach
space dual X∗ and its associate space X ′ coincide, where X ′ is defined as
X ′ = {g ∈ L(µ ,CN)′: ‖g‖X ′ < ∞}
and
‖g‖X ′ = sup
{∣∣∣∣
∫
Ω
≺ f (x),g(x)≻ dµ(x)
∣∣∣∣ : f ∈ X , ‖ f‖X ≤ 1
}
,
where L(µ ,CN)′ denotes the corresponding space of equivalence classes of CN-valued
functions considered as row vectors. Note that≺ f (x),g(x)≻ is the usual product of a row
matrix formed by g(x) into a column matrix formed by f (x).
The monotone convergence theorem holds in every Banach function space X in the
form of the weak Fatou property (see axiom (ii)). Also note that Xa is the largest subspace
of X for which the suitable dominated convergence theorem holds (see Proposition 3.6,
p. 16 of [2]). So this fact can be used to easily generalise those results on Lp-spaces
to the general Banach function spaces having absolutely continuous norm in which the
dominated convergence theorem is required. It is due to this fact that our results in §3
follow on similar lines as in Lp-spaces without any extra effort.
For details on Banach function spaces, we refer to [2,13,14].
For a measurable function u: Ω → MN(C), the set of all N ×N matrices over C, the
multiplication transformation Mu: L(µ ,CN) 7→ L(µ ,CN) is defined as
Mu( f ) = u · f , for all f ∈ L(µ ,CN).
Using the arguments given in the introduction on p. 517 of [23] and p. 163, Theorem 1.2
of [6] we can easily prove the next result.
Theorem 1.1. The multiplication operator Mu is a bounded operator on a Banach func-
tion space X if and only if u ∈ L∞(µ ,MN(C)), the space of all MN(C)-valued essentially-
bounded measurable functions. Moreover, we have
‖Mu‖X 7→X = ‖u‖∞ := inf
q∈[u]
sup
x∈Ω
‖q(x)‖, (1.1)
‖Mu‖X 7→X = inf{M ≥ 0: µ({x ∈ Ω: ‖u(x)‖> M}) = 0}, (1.2)
where ‖u(x)‖ is the operator norm of u(x) in B(CN) induced by ‖ · ‖CN and [u] is the
equivalence class of all measurable functions that are µ-a.e. equal to u.
Note that for N = 1, L∞(µ ,MN(C)) is the space of essentially bounded C-valued mea-
surable functions denoted as L∞(µ).
For details on matrix analysis, see [10].
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DEFINITION 2.
For u ∈ L(µ ,MN(C)), an operator (Mu,D(Mu)) defined on X(CN) by (Mu f (x)) = u(x) ·
f (x) for x∈Ω and for all f ∈D(Mu) = { f ∈ X : u · f ∈ X} is called a matrix multiplication
operator.
We consider an abstract Banach space-valued linear initial value problem of the form
v˙(t) = Av(t), t ≥ 0,
v(0) = x,
where the independent variable t represents time, v(·) is a function with values in a CN-
valued Banach function space X = X(CN), where CN denotes the N-dimensional complex
space. Since all the norms on CN are equivalent, we choose ‖ · ‖CN = ‖ · ‖sup. Note that
this norm induces the matrix norm ‖(ai j)N×N‖= maxi=1,...,N ∑Nj=1 |ai j| on MN(C), that is,
the norm of a matrix is given by the maximal absolute sum of its rows.
Also, A: D(A)⊆X 7→X is a linear operator and x∈X is the initial value. This problem is
called an abstract Cauchy problem (ACP) associated with a matrix multiplication operator
(Mu,D(Mu)) and the initial value x.
A function u: R+ 7→ X forms a solution of ACP, if u is a continuously differentiable
function with respect to X and u(t) ∈ D(A), for each t ≥ 0 (see [17]).
If the operator A is the generator of a strongly continuous semigroup (T (t))t≥0, then
for each x ∈ D(A), the function
u: t 7→ u(t) = T (t)x
is the unique solution of ACP. See [17] and [19] for details on ACP and semigroups.
Note that every well-posed Cauchy problem is solved by a strongly continuous semigroup
and each such semigroup is the solution semigroup of a well-posed Cauchy problem (see
[16]).
In this paper, we extend the results of [6,9,12,24] to general Banach function spaces.
Note that the separable Banach function spaces form a subclass of the absolutely continu-
ous ones. The examples of Banach function spaces having absolutely continuous norm are
Lp-spaces, Orlicz spaces with ∆2-conditions [20], Lorentz spaces [2], separable Orlicz–
Lorentz spaces [11], etc. In the second section, we study the compactness, closedness,
invertibility and Fredholmness properties of a multiplication operator Mu on a Banach
function space X . In the third section, we discuss the abstract Cauchy problem associated
with the operator (Mu,D(Mu)) on X .
2. Properties of multiplication operators
For a measurable function u: Ω 7→ MN(C), we call the set
uess(Ω) = {λ ∈ C: µ({s ∈Ω: ‖u(s)−λ‖< ε}) 6= 0, ∀ε > 0},
its essential range and define the associated multiplication operator Mu on the space X by
Mu( f ) = u · f for each f in the domain
D(Mu) = { f ∈ X : u · f ∈ X}.
In case Mu is a bounded linear operator on X , we have D(Mu) = X .
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PROPOSITION 2.1.
Let (Mu,D(Mu)) be the multiplication operator on a Banach function space X induced by
some measurable function u: Ω 7→MN(C). Then the following statements hold:
(i) The operator (Mu,D(Mu)) is closed and densely defined, in case X has absolutely
continuous norm.
(ii) The operator Mu has a bounded inverse if and only if 0 /∈ uess(Ω). In this case,
Mu−1 = Mr, for some measurable r: Ω 7→MN(C) defined by
r(s) =
{
(u(s))−1 i f u(s) 6= 0,
0 i f u(s) = 0,
for each s ∈ Ω.
(iii) The spectrum of Mu is the essential range of u, i.e., σ(Mu) = uess(Ω).
The proof follows on similar lines as in Lp-spaces (see [6] and [7]).
Theorem 2.2. For N = 1, the set of all bounded multiplication operators on a Banach
function space X of C-valued functions forms a maximal abelian subalgebra of B(X),
the space of all bounded linear operators on X.
Proof. Let m = {Mu: u∈ L∞(µ)}. Clearly, m is an abelian subalgebra of B(X). We prove
that m is maximal, i.e., if A commutes with m, then A ∈m.
Let e: Ω →C be the unity function. Let v = Ae and E ∈ Σ. Then
A1E = AM1E e = M1E Ae = 1Ev = v1E = Mv1E .
We claim v ∈ L∞(µ). Suppose that the set
Fn = {x ∈Ω: |v(x)|> n}
has a positive measure for each n ≥ 1. By the finite subset property of the underlying
measure space, we assume µ(Fn)< ∞. Then, 1Fn ∈ X and we have
n1Fn(x)≤ 1Fn |v(x)|
⇒ n‖1Fn‖X ≤ ‖Mv1Fn‖X
⇒ n‖1Fn‖X ≤ ‖A1Fn‖X
for each n ∈ N, which contradicts the boundedness of A. Therefore v ∈ L∞(µ). Since the
set of µ-simple functions is dense in X , we have A = Mv. This proves that A ∈ m and so
m is a maximal abelian subalgebra of B(X).
Theorem 2.3. Let X = X(C) be a Banach function space of C-valued measurable func-
tions on Ω and Mu ∈ B(X) for some u ∈ L∞(µ). Then Mu has closed range if and only if
there exists some δ > 0 such that |u(x)| ≥ δ , for µ-almost all x ∈ support(u) = S.
Proof. Suppose |u(x)| ≥ δ for µ-almost all x ∈ S. Then using the same technique as in
converse part of Theorem 1.2 in p. 163 of [6] with N = 1, we have
|(Mu
∣∣
S f )(x)| ≥ δ | f (x)|,
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for µ-a.e. x ∈Ω and each f ∈ X . As the norm ‖ · ‖X is increasing on X , so we have
‖Mu|S f‖X ≥ δ‖ f‖X ,
for each f ∈ X . This implies that Mu is invertible. Thus, we conclude that Mu has closed
range.
Conversely, suppose Mu has closed range. Then there exists some δ > 0 such that
‖Muh‖X ≥ δ‖h‖X , for each h ∈ X . (2.1)
Let E = {x ∈ Ω: |u(x)| < δ/2} be such that µ(E) > 0. So, there exists a measurable set
F ⊆ E such that 1F ∈ X . Further,
|(Mu1F)(x)|= |u(x)1F(x)|< δ |1F(x)|,
implies that
‖Mu1F‖X ≤ δ‖1F‖X ,
which contradicts (2.1) and so µ(E) = 0. Therefore |u(x)| ≥ δ/2, for µ-almost all x ∈ S.
Theorem 2.4. Let X = X(CN) be a Banach function space of CN-valued measurable
functions on Ω and Mu ∈ B(X). Then Mu is a compact operator if and only if X(N,ε,CN)
is finite-dimensional, for each ε > 0, where
N = N(u,ε) = {x ∈ Ω: ‖u(x)‖ ≥ ε}
and
X(N,ε,CN) = { f ∈ X : f (x) = 0 for x /∈ N}.
Proof. Suppose Mu is a compact operator. Then, its restriction to the invariant sub-
space X(N,ε,CN) is compact. Also, Mu
∣∣
X(N,ε,CN ) has closed range in X(N,ε,C
N). But
Mu
∣∣
X(N,ε,CN ) is invertible. Therefore, X(N,ε,C
N) is finite-dimensional for each ε > 0.
Conversely, suppose X(N,ε,CN) is finite-dimensional for each ε > 0. In particular,
X(N,1/n,CN) is finite-dimensional for each n ≥ 1. Take w ∈ L∞(µ ,MN(C)) and define
wn: Ω→ MN(C), by
wn,i j(x) =
{
wi j(x) if x ∈ An,
0 if x /∈ An,
for each i, j = 1,2, . . . ,N, where An = {x ∈ Ω: ‖w(x)‖ ≥ 1/n}.
Then for each f ∈ X , we have
‖((Mwn −Mw) f )(x)‖CN ≤ ‖(wn(x)−w(x)) f (x)1An(x)‖CN
+ ‖(wn(x)−w(x)) f (x)1Ω\An(x)‖CN
= ‖w(x) f (x)1Ω\An(x)‖CN ≤
1
n
‖ f (x)‖CN ,
for µ-a.e., x ∈ Ω. Thus, for each f ∈ X , we have
‖(Mwn −Mw) f‖X ≤ 1/n‖ f‖X .
This implies that Mwn → Mw as n → ∞. But each Mwn is of finite rank and thus Mw is a
compact operator.
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The next result gives the necessary and sufficient conditions for a multiplication oper-
ator Mu on a Banach function space X = X(C) to be a Fredholm operator thereby gener-
alising the results in [12] for Orlicz spaces and [24] for Lp-spaces. Here, we take N = 1.
Theorem 2.5. Suppose (Ω,Σ,µ) is a non-atomic measure space and Mu ∈ B(X), where
X = X(C) is a Banach function space having absolutely continuous norm. Then, the fol-
lowing are equivalent.
(i) Mu is invertible.
(ii) Mu is Fredholm.
(iii) The range of Mu, that is, R(Mu) is closed and codim(R(Mu))< ∞.
(iv) |u(x)| ≥ δ for µ-a.e. x ∈ Ω for some δ > 0.
Proof. We prove (iii) ⇒ (iv) only, as the other implications are obvious by using the
previous results. Suppose R(Mu) is closed and codim(R(Mu))< ∞.
We claim Mu is onto. Suppose the contrary. Then there exists f◦ ∈ X\R(Mu). Since
R(Mu) is closed, there exists g◦ ∈ X∗, the dual (associate) space of X such that∫
Ω
≺ f◦,g◦≻ dµ = 1 (2.2)
and ∫
Ω
≺(Mu f ),g◦≻ dµ = 0, for each f ∈ X . (2.3)
Now (2.2) yields that the set
Eδ = {x ∈ Ω: Re (≺ f◦(x),g◦(x)≻)≥ δ}
has positive µ-measure for some δ > 0. As µ is non-atomic, we can choose a sequence
{En} of subsets of Eδ with 0 < µ(En)< ∞ and Em∩En = /0 for m 6= n.
Put gn = 1Eng◦. Clearly, gn ∈ X∗, as ‖gn‖X∗ ≤ ‖g◦‖X∗ and gn 6= 0, as
Re
∫
Ω
≺ f◦,gn≻ dµ = Re
∫
En
≺ f◦,g◦≻ dµ ≥ δ µ(En)> 0,
for each n. Also, for each f ∈ X , 1En f ∈ X and so (2.3) implies that∫
Ω
≺ f ,(M∗u gn)≻ dµ =
∫
Ω
≺Mu f ,gn≻ dµ =
∫
Ω
≺Mu f ,1En g◦≻ dµ
=
∫
Ω
≺Mu1En f ,g◦≻ dµ = 0,
where M∗u is the conjugate operator of Mu, which implies that M∗u gn = 0 a.e. and so
gn ∈ ker(M∗u). Since all the sets in {En} are disjoint, the sequence {gn} forms a linearly-
independent subset of ker(M∗u ). This contradicts the fact that
dim ker(M∗u) = codimR(Mu)< ∞.
So Mu is onto.
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Let ker(u) = {x ∈ Ω: u(x) = 0}. Then µ(ker(u)) = 0. Since µ(ker(u))> 0, there is an
F ⊆ ker(u) with 0< µ(F)<∞. Thus, 1F ∈ X\R(Mu) which contradicts the surjectiveness
of Mu. For n ≥ 1, put
Gn =
{
x ∈ Ω: ‖u‖∞
(n+ 1)2
< |u(x)| ≤
‖u‖∞
n2
}
and
T = {n ∈ N: µ(Gn)> 0}.
Clearly Ω = ∪∞n=1Gn and µ(Gn)< ∞, for each n ≥ 1. Take
f = ∑
n∈T
u ·1Gn
‖1Gn‖X
.
Then
| f (x)|=
∣∣∣∣∣∑
n∈T
u(x)1Gn(x)
‖1Gn‖X
∣∣∣∣∣
≤ Σn∈T
|u(x)1Gn(x)|
‖1Gn‖X
≤ Σn∈T
‖u‖∞
n2‖1Gn · z‖X
,
for each x ∈ Ω, this proves that
‖ f‖X ≤ ∑
n∈T
‖u‖∞
n2
≤ ‖u‖∞
∞
∑
n=1
1
n2
< ∞.
Therefore f ∈ X and so there exists some g ∈ X such that Mu g = f with
g =
f
u
= Σn∈T
1Gn
‖1Gn‖X
.
Since the sets Gn are disjoint, using the absolute continuity of X (Theorem 4.1, p. 20 of
[2]), we have
‖g‖X = sup
h∈X∗,‖h‖X∗≤1
∣∣∣∣∣
∫
Ω
≺ ∑
n∈T
1Gn
‖1Gn‖X
,h ≻ dµ
∣∣∣∣∣
=
(
∑
n∈T
1
‖1Gn‖X
)
sup
h∈X∗,‖h‖X∗≤1
∣∣∣∣
∫
Ω
≺1Gn ,h≻ dµ
∣∣∣∣
= ∑
n∈T
1.
Then, ‖g‖X < ∞ if and only if T is finite. So there is some m > 0 such that for n ≥
m, µ(Gn) = 0 and µ(ker(u)) = 0, which further implies that
µ{x ∈Ω: ‖u(x)‖ ≤ ‖u‖∞/m2}= µ((∪∞n=mGn)∪ker(u))
≤ µ((∪∞n=1Gn)∪ker(u)) = 0,
that is, ‖u(x)‖ ≥ ‖u‖∞/m2 = δ , a.e. on X . This proves (iv).
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3. Semigroups of multiplication operators
In this section, we study some applications of the multiplication operators on X in semi-
group theory. Using Proposition 2.1(i), we see that Mu is a closed and densely defined
multiplication operator defined on an absolutely continuous Banach function space X .
The essential spectrum of a multiplication operator is defined as
σess(Mu) = ∪x∈Ωσess(u(x)) = ∩p∈[u]∪x∈Ωσ(p(x)),
where σ(p(x)) denotes the spectrum of the matrix p(x) and [u] is the equivalence class of
all measurable functions that are µ-a.e. equal to u.
For an open ε-disk Uε with center 0, we have
σess(Mu) = ∪x∈X σess(u(x))
= {z ∈ C: µ({x ∈Ω: σ(u(x))∩ z+Uε})> 0, ∀ε > 0}.
Using Propositions 4.11 and 4.12, p. 32 of [7], it is easy to prove the result.
PROPOSITION 3.1.
Suppose (Mu,D(Mu)) is a matrix multiplication operator on the Banach function space X
with non-void resolvent set ρ(Mu). Then its spectrum is given by
σ(Mu) = ∪x∈Ωσess(u(x)).
Remark 1. If Ω = Rm with the Lebesgue measure µ and u is a continuous function with
non-void resolvent, then we have
σ(Mu) = ∪x∈Ωσ(u(x)).
The stability of the solutions of the abstract Cauchy problem are determined by the
spectral bound of the corresponding operator, [6].
COROLLARY 3.2.
A matrix multiplication operator Mu is bounded if and only if its spectrum σ(Mu) is
bounded.
There are a number of functional analytic approaches to the well-posedness of solutions
of abstract Cauchy problems (see, for example, [3,7,8,9]). The proofs of the following
results are on the similar lines as in [9] for Lp-spaces, so we only state the results.
Theorem 3.3. A matrix multiplication operator Mu generates a semigroup on X having
absolutely continuous norm if and only if
lim
t→0
‖etu‖∞ < ∞. (3.1)
In case Mu generates the semigroup {T (t)}t≥0, then we have T (t) = Metu . On the other
hand, if {Metu}t≥0 defines a semigroup on X , then its generator is given by Mu.
Theorem 3.4. If the matrix multiplication operator (Mu,D(Mu)) generates the semi-
group {T (t)}t≥0, then
σ(T (t)) = etσ(Mu).
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DEFINITION 3. [9,13]
Let (A,D(A)) be a linear operator on a Banach space F such that there exists some con-
stants m ∈ N,M > 0, w ∈ R, the real line and a strongly continuous family (S(t))t≥0 in
B(F), the space of all the bounded linear operators on F with
‖S(t)‖ ≤ Mewt , for each t ≥ 0
such that its resolvent operator R(λ ,A) = (λ −A)−1 exists and is given by
R(λ ,A)y = λ m
∫
∞
0
e−λ tS(t)ydt,
for y ∈ F and λ > w. Then (A,D(A)) is the generator of an m-times integrated semigroup
(S(t))t≥0.
The generator of an m-times integrated semigroups yields the well-posedness of
the abstract Cauchy problem, since there exists some constants M and w as above
such that for all initial values u◦ ∈ D(Am+1), we get a unique solution u(·) with the
property
‖u(t)‖ ≤ Mewt‖x‖Am ,
for each t ≥ 0, where ‖ · ‖Am denotes the mth-graph norm of (A,D(A)) (see [17]).
Theorem 3.5. Let (Mu,D(Mu)) be a matrix multiplication operator on a Banach function
space X = X(CN). Then the following are equivalent.
(i) The operator (Mu,D(Mu)) is the generator of an integrated semigroup.
(ii) There exists a constant w ∈R such that
σ(Mu)⊆ {z ∈ C: Re z ≤ w}.
(iii) The resolvent set of Mu is non-empty such that
esssup
x∈Ω
s(u(x))≤ w,
for some w ∈ R, where s(u(x)) denotes the spectral bound of the matrix u(x) ∈
MN(C).
Remark 2. As in Corollary 4.9 of [17], we see that the multiplication operator
(Mu,D(Mu)) satisfying one of the conditions in the statement of the above-stated theorem
is a generator of a (2N + 1)-times integrated semigroup.
For a multiplication operator (Mu,D(Mu)) on X = X(CN), we see that it is a generator
of a strongly continuous semigroup if and only if there is some c > 0 such that
‖etu‖∞ < c, for t ∈ [0,1].
Remark 3. Theorem 1 on p. 16 of [9] is also true for Banach function spaces X = X(CN).
Further, if X has absolutely continuous norm, then p. 163, Theorem 2 of [9], p. 164,
Proposition 1 of [9] and p. 165, Proposition 2 of [9] can be proved for such Banach
function spaces.
Remark 4. The matrix multiplication operator (Mu,D(Mu)) on X also generates some
subclasses of the strongly continuous semigroups on X such as analytic, differentiable,
norm-continuous semigroups, etc. See [7,8,19] for details on these types of semigroups.
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Also, we see that the analyticity of semigroups on X depends on the spectrum σ(Mu) of
the matrix multiplication operator (Mu,D(Mu)) on X .
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